The purpose of this study is to evaluate an impact of convective mode of heat transfer on the thermal behaviour of a disc brake system during repetitive braking process with the constant velocity using fully three-dimensional finite element model. The transient thermal analysis to determine the temperature distributions on the contact surface of a disc brake is performed. The issue of non-uniform frictional heating effects of mutual slipping of a disc over fixed pads is tested using FE models with the several possible to occur in automotive application heat transfer coefficients. To have a possibility of comparison of the temperature distributions of a disc during cyclic brake application, the energy transformed during time of every analyzed case of braking process and the subsequent release periods was equal. The time-stepping procedure is employed to develop moving heat source as the boundary heat flux acting interchangeably with the convective cooling terms. The difficulties accounted for the accurate simulation of heating during spin of the rotor is omitted by the use of the code, which enable shaping curves responsible for the thermal flux entering the disc at subsequent moments of time. The resulting evolution of temperature on the friction surface reveals a wide range of variations, distinguishing periods of heating and cooling states. It has been established, that during single braking the convective cooling has insignificant influence on the temperature distributions of a disc brake, consequently is not able to prevent overheat problem. However the brake release period after the braking operation, when the velocity of the vehicle remains on the same level, results in considerable decrease of temperature.
Physical interaction between the mating parts of a given brake system during application results in transformation of work done into frictional heat. While the heat is generated, the dissipation of energy proceeds by conduction to adjoining components through the brake assembly and hub, convection from the exposed surfaces according to Newton's law of cooling to surrounding air and radiation to nearby parts. While the influence of radiation heat transfer on the total amount of dissipated energy is frequently considered as insignificant during normal braking conditions either in automotive [1] [2] [3] or hoist mine application [4] [5] [6] , conduction and convection play a comparably central role in contribution of heat exchange of the brake system [7, 8] . Furthermore the rotor and neighbouring components of the brake act as the temporary thermal storage devices thus theirs further cooling participates in proper brake operating. Nonetheless convective magnitude may vary significantly from the conditions of forced, mixed until natural convection due to the velocity of the airflow in the area of a friction pair (laminar or turbulent airflow), time of operation after the brake application as well as geometrical type of the brake either drum or disc. The evident emphasis placed on continually being developed type of disc brakes over drum brakes, stems from the several advantages over the latter. Typically disc brakes have vanes which enlarge the surface of cooling and thereby reduce overheat problem. However in actual the convective heat transfer can not enable sufficient cooling after the brake application [9] .
According to the Newton's law the accuracy of calculation of the intensity of the heat flux on the boundary surface of body dependent, except the difference of temperatures on this surface, from precision determining of the proportionality factor known as the heat transfer coefficient. Originally had been developed formulas for the heat transfer coefficient based on experimental correlations with air as the cooling medium, flowing parallel to smooth plain surfaces were frequently employed in the investigation of the thermal behaviour of clutches or brake systems [10, 11] . As the turbulent flow took place and the value of Prandtl number was close to unity, the heat transfer coefficient did not depend on speed. The formula for the heat transfer coefficient, which depends on the speed of the vehicle and the drum diameter, was proposed for the evaluation of temperature during both single stop and repetitive brake applications in article [12] .
One of ways accounting of influence of convective cooling on temperature in disc brake is introduction of the heat transfer coefficient (the Biot's number) to the heat partition ratio. The various forms of this ratio and their influence on contact temperature in a pad/disc M A N U S C R I P T
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5 system is presented in article by Yevtushenko and Grzes [13] . Despite the fact, that have been made advances of numerical methods for the calculations of temperature distributions during sliding, based on a motion equations of a fluid, the evaluations of a contact temperature in disc brake are still examined in experimental tests [14] [15] [16] [17] . The enough well correlations between analytical and experimental methods of determination of the heat transfer coefficient for both solid and ventilated type of a disc have been obtained in articles [18] [19] [20] [21] [22] [23] [24] .
Due to the fact of complexity of the phenomenon of frictional heat generation, the problem of concurrent fluid flow within the channels of the ventilated type of disc brakes is often analysed in individual studies based on the CFD method [25] [26] [27] [28] . Nonetheless often an average, constant value of the heat transfer coefficient is used at temperature calculations in disc brakes [3, 29, 30] . The review of the FEM applications of frictional heat generation in disc brakes and clutches systems was developed in an article by Yevtushenko and Grzes [31] .
The three-dimensional FE model for calculation of the temperature in the pad/disc system at single braking, based on the theory of a moving heat sources, has been proposed in authors' previous study [32] . In this article the thermal finite element analysis of a solid disc brake during single as well as repetitive braking process with different number of brake application was developed. We investigate the influence of the heat transfer coefficient on the temperature distributions of a brake rotor. In order to determine comprehensive terms of convective cooling during considered time of braking and interchangeable phases free from heating, an individual values of the convective heat transfer possible to occur in automotive disc brakes were implemented to the model [33] . The dimensions as well as the thermophysical material properties of a solid disc brake were adopted from the braking process of a common passenger vehicle.
STATEMENT OF THE PROBLEM
The mutual sliding process of the mating parts of a brake system results in the heat generation. The forces that act on friction elements against the disc, opposes motion and the vehicle slows down or the velocity remains on the same level (mountain descent). The accumulated amount of kinetic and potential energy is converted into thermal energy between the frictional elements of a brake. The heat generated on the contact surfaces of a pad and a disc, is dissipated by the forced convection due to enlarged airflow and the natural convection after the full stop, whereas conduction absorbs energy from the interface of the friction pair.
Because of the relatively low temperatures attained and negligibly small share in the total M A N U S C R I P T A C C E P T E D ACCEPTED MANUSCRIPT 6 energy that is transformed during the braking action, the thermal radiation in this study is not under consideration.
In the temperature analysis of the disc brake system solely two parts of the assembly are typically taken into account, namely the rotating disc and immovable pad (Fig. 1) .
Furthermore the considered model of heat transfer of the rotor is limited to the area crucial for the temperature change omitting the hat section by which the disc is connected to the axle for the convenience purposes without loosing the general implication. However if the material properties and operation conditions were able to cause the temperature rise in this region, obviously the results would be misleading. In this study the preliminary tests were carried out to assess the range of variable temperature of the rotor.
By virtue of the symmetry of the problem about the mid-plane owing the caliper's mechanism designed to equalize the forces that act on pads, the analyzed region was restricted to the half of the entire disc of thickness δ d and one pad. Moreover solely the disc volume was included during computations.
It is assumed that the thermophysical properties of materials are isotropic and independent of temperature. Such an assumption make a case for the fact of relatively low temperature attained during the investigated process of frictional heating of brake components. The nominal surface of contact of a disc equals the real surface of contact thereby the contact pressure is uniform at every moment of time t of braking and equals 0 p . The angular velocity 0 ω is constant during the analysis. Assuming that the total friction energy is converted into heat, the intensities of heat fluxes that enters from the contact surface 0 = z into the pad and into the disc are calculated from the formulae
where γ is the heat partition ratio [34] 
and ) , , ( z r θ are variables of the cylindrical coordinate system (Fig. 1 ). We note that the sum of intensities of heat fluxes (1) and (2) is equal to specific capacity of friction r fp q
other surfaces of a disc we assume, that:
-the surface placed in the disc's mid-plane being a plane of symmetry is insulated;
-in the region of the contact surface free from frictional heating, on the internal and external cylindrical surfaces of a disc the convective cooling takes place;
-the heat exchange through forced convection was assumed to be independent of the radius within the range of maximal and minimal radius of the pad and consequently all of the exposed surfaces of disc have the same convective cooling conditions for specific computational case.
Under mentioned above assumptions we find the distribution of the three-dimensional
in rotating disc from the solution of the following boundary-value heat conduction problem [32] :
where the function ) , , ( t r q d θ has the form (2), (3).
FINITE ELEMENT FORMULATION
The value 10 5 of the Peclet number Pe is typical for the disc brakes and clutches [9, 35] . It is known that for values 2 Pe > the Galerkin-type finite element approximation leads to oscillations of the solutions in space [36] . Consequently such an approach for the solution of the problem of heat conductivity with fast-moving heat source becomes unfeasible. However it does not become apparent solely in the finite element analysis as all other spatial discretization techniques have the same difficulties. For the purpose of eliminating spatial oscillations the procedure such as Petrov-Galerkin [37] and Streamline Upwind Petrov
Galerkin (SUPG) [36] are commonly employed equivalent unwinding schemes [38] . In this paper we omit unstable results and oscillations to occur neglecting the component of a velocity from analytical formulation of the problem (Eq. 4), and considering in actual fixed disc. The problem of a moving heat source is solved by means of specific formulation of a boundary heat flux which acts separately on every of element on the rubbing path so that the simulated transition of a pad is conducted [32] .
The discrete FE analogue of the differential equation (4) has the matrix form
In order to solve the ordinary differential equation (11) the following relation of the Crank-
Nicolson method was used [39] :
where {T} t and {T} t+∆t are the values of the temperature at time moments t and t+∆t, respectively. Substituting relations (12) into Eq. (11) we obtain the following system of linear (13) where the value of the parameter 1
is chosen from the conditions of achievement of the set accuracy and stability of the computational scheme.
In order to calculate temperature distributions of a disc brake, appropriate mesh division regarding respective coordinates of the model is crucial. High temperature gradients require very fine mesh, therefore in the area adjacent to the contact surface, lower dimension of the elements was established. Nonetheless for the purpose of validation of the final mesh, tests of different grids of elements owing every direction with the speed of the vehicle of 25 km/h were carried out. As a result the final mesh consists of linear 43200 eight-node hexahedral elements and 33693 nodes (360 elements in the circumference, 4 in axial direction, and 20 in the radial direction (Fig. 1) . As the temperature gradients in region beneath friction surface were relatively low, the mesh division was of "paver" type (irregular). The finite element generation was accomplished by the code corresponding with further boundary conditions of a moving heat source problem formulation.
BRAKING SCHEME AND NUMERICAL ALGORITHM
The repetitive braking process to determine crucial factors that affect the interface temperature was studied in article by Qi and Day [30] . The sliding speed, braking load, type of friction materials as well as the number of braking applications was included in the analysis. However, despite the fact of complexity of the investigation and use of a statistical design of experiments incorporating experimental tests with thermocouple technique, no emphasis was placed on the possible to occur in reality range of the heat transfer coefficient that may influence the resulting temperature.
Therefore, we proposed the following scheme of interchangeable braking with the release periods incorporating different number of brake application with the same global time (Fig.   3 ). It was assumed that during individual braking, the number of brake applications increases twice from single ( 1 = n ) braking to five ( 5 = n ) brake applications for the last case. The final mesh with the moving thermal flux entering the disc is shown in Fig. 2 . The intensity of heat flux as well as the convective terms are interchangeably calculated in the region of contact surface. The most important in the proposed approach is such a formulation of boundary conditions established on the finite elements of the rubbing path so as to simulate the transition of the heat source. Due to the assumption of uniformity of the intensity of heat flux in the region of heat generation, it is necessary for every element located on the rubbing path to determine a function ) (t q j . The shape of that function arises directly from the rate of cover of a specific element by the boundary thermal flux and ranges from 0 (pad beyond the
(full cover of a specific element by the pad). The following form of that function is given by The temperature distributions calculated in this study by means of the above numerical approach agree well with the previous authors' calculations on frictional heat generation problem [32] and an issue of its separation between the components of the brake system [13] , in which comparison with experimental data derived from Zhu et al. [6] was made.
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RESULTS AND DISCUSSION
The 3D finite element analysis of the temperature of the disc during single braking was developed in article by Adamowicz and Grzes [32] . In given article we expanded this analysis on a case of a repetitive braking process. The dimensions of the brake system, the thermophysical properties of materials, as well as the parameters of operation used in calculations are given in Tab. 1 [3] . The calculations of the temperature distributions on the friction surface of a disc z = 0 m were made for the schemes of the braking process from single braking with the subsequent period of cooling to five brake applications.
The first step of this analysis was to study the temperature distributions during as the friction force, the resulting temperature evolution may vary significantly. However the presence of heating (concave curve) and cooling phases (convex curve) for the selected spot on the circumference, which describes the operation of applied thermal flux over the rotational disc is evident. Such a phenomenon agree well with several experimental and numerical studies on frictional heat generation in disc brakes [9, 30, 40, 41] . During initial,
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12 relatively short period of braking, the temperature increases nonlinearly. Similar effect was also observed by Bialecki and Wawrzonek [14] for a disc coal mining application disc brake using code based on the finite element volume approach and the experimental tests as well as in article by Adamowicz and Grzes [32] . Since the same value of the heat transfer coefficient was established on the surface of a disc free from heating, the observable decrease of discrepancy of temperatures with the decrease of a radius may be accounted directly by the expression for the convective heat flux.
In the stop time moment the differences of temperature on the contact surface is equal [33] . The value of this coefficient in actual process of braking is between these limiting values. Consequently the obtained results from the relatively simple geometry of the analyzed disc provide evidence to support the claim that the influence of convective heat transfer on the temperatures of the contact surface of the disc with regard to total generated heat during single braking without the period of cooling is insignificant [9, 25] . 
CONCLUSIONS
The aim of this paper was to investigate the temperature distributions caused by the frictional sliding process of the disc brake components with a special emphasis placed on the convective heat exchange from the exposed surfaces of a disc. Finally, we note that during the real braking process, an increase of a number of brake applications affects the conditions of a local contact, which may results in the increase of a real contact area [30] . Hence assuming that the total load, relative sliding velocity and the coefficient of friction is constant, the decrease of average normal pressure is apparent. As a result the average temperature on the rubbing path will be lower. 
